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a b s t r a c t
A graph G with no isolated vertex is total domination vertex-critical if for any vertex v of
G that is not adjacent to a vertex of degree one, the total domination number of G − v
is less than the total domination number of G. A graph is total domination dot-critical if
contracting any edge decreases the total domination number. In this paper, we study total
domination dot-critical graphs. We present several properties of these graphs. We show
that the total domination dot-critical graphs include the total domination vertex-critical
graphs.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Formany graphparameters, criticality is a fundamental question.Muchhas beenwritten about graphswhere a parameter
increases or decreaseswhenever an edge or vertex is removed or added. For domination number (the smallest cardinality of a
setwhose closed neighborhood is thewhole graph), Brigham et al. [1] began the study of those graphswhere the domination
number decreases on the removal of any vertex. The study of total domination vertex-critical graphswas started by Goddard
et al. [10]. Burton and Sumner in [2] studied a new critical condition on domination. They defined a graph G to be domination
dot-critical if contracting any edge decreases the domination number. This concept is nowwell studied in domination theory
(see, for example, the recent papers [2–6,19,20]).
In this paper we introduce the same concept for total domination. Let G = (V , E) be a graph with vertex set V . For sets
S, T ⊆ V , the set S totally dominates the set T if every vertex in T is adjacent to some vertex of S. If S totally dominates V ,
then S is called a total dominating set, denoted TDS, of G. Every graph without isolated vertices has a TDS, since S = V is
such a set. The total domination number of G, denoted by γt(G), is theminimum cardinality of a TDS. A TDS in G of cardinality
γt(G) is called a γt(G)-set. Total domination in graphs is nowwell studied in graph theory. The literature on this subject has
been surveyed and detailed in the two books by Haynes et al. [12,13]. A recent survey of total domination in graphs can be
found in [14].
We call a graph total domination dot-critical, or just γt-dot-critical, if identifying any two adjacent vertices (i.e., contracting
the edge comprising those vertices) results in a graphwith smaller total domination number.We abbreviate a γt-dot-critical
graph simply by γtDC . For a pair of adjacent vertices u, v in a graph G, we denote by G.uv the graph obtained by identifying
u and v (or, equivalently, by contracting the edge uv) and we denote the identified vertex by (uv). Equivalently, if e is an
edge of G, we denote by G.e the graph obtained by contracting the edge e. Hence, G.uvmay be viewed as the graph obtained
from G by deleting the vertices u and v and adding a new vertex, denoted by (uv), that is adjacent to all of the vertices of
G− u− v that were originally adjacent to either of u or v. Thus a graph G is γtDC if γt(G.uv) < γt(G) for any two adjacent
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Fig. 1. The 2-corona P4 ◦ P2 of P4 .
vertices u and v. If G is γtDC , and γt(G) = k, then we say that G is kt-dot-critical, abbreviated ktDC . A disconnected graph is
γtDC if and only if each of its components is γtDC . Hence in this paper we focus our attention on connected γtDC graphs.
1.1. Notation
For notation and graph theory terminology in general we follow [12]. Specifically, let G = (V , E) be a graph with vertex
set V of order n and edge set E. By a nontrivial graph we mean a graph on at least two vertices. We denote the degree of
v in G by dG(v), or simply by d(v) if the graph G is clear from context. The minimum degree of G is denoted by δ(G) and
the maximum degree by ∆(G). An end-vertex is a vertex of degree one and a support vertex is one that is adjacent to an
end-vertex. We denote the set of support vertices of G by S(G). The subgraph induced by a set S ⊆ V is denoted by G[S].
The boundary of S, denoted B(S), is N(S) \ S. The open neighborhood of vertex v ∈ V is denoted by N(v) = {u ∈ V | uv ∈ E}
while its closed neighborhood is the setN[v] = N(v)∪{v}. For a set S ⊆ V , its open neighborhood is the setN(S) = ∪v∈S N(v)
and its closed neighborhood is the set N[S] = N(S)∪ S. The set S is a dominating set if N[S] = V , and a total dominating set if
N(S) = V . For sets A, B ⊆ V , we say that A dominates B if B ⊆ N[A], while A totally dominates B if B ⊆ N(A).
We say that a vertex v in a graph G is γt-critical if γt(G−v) < γt(G). Since total domination is undefined for a graph with
isolated vertices, we say that a graph G is total domination vertex-critical, or just γt-vertex-critical, if every vertex of G that
is not adjacent to a vertex of degree one is γt-critical. In particular, if δ(G) ≥ 2, then G is γt-vertex-critical if every vertex
of G is γt-vertex-critical. If G is γt-vertex-critical, and γt(G) = k, then we say that G is kt-vertex-critical, abbreviated ktVC .
For example, the 5-cycle is 3tVC . As first remarked in [10], the complement of the Petersen graph is 3tVC . Properties of ktVC
graphs were studied in [10,16,18,21,22] and elsewhere.
We define the sets At(G) and Gt(G) of a graph G by At(G) = {v ∈ V (G) | v is in every γt(G)-set} and Gt(G) =
{v ∈ V (G) | v is in some γt(G)-set}. We call a vertex in At(G) a γt(G)-excellent vertex, while a vertex in Gt(G) is called a
γt(G)-good vertex. Thus if v ∈ Gt(G), then there is a γt(G)-set containing v. We note that Gt(G) ⊇ At(G). We define the set
Nt(G) of G by Nt(G) = {v ∈ V (G) | v is in no γt(G)-set}. Cockayne et al. [8] characterized the setsAt(T ), Gt(T ) and Nt(T )
when T is a tree.
A subdivided star is obtained from a star with at least two edges by subdividing every edge exactly once. The corona
cor(H) of a graph H (denoted H ◦ K1 in [12]) is that graph obtained from H by adding a pendant edge to each vertex of H .
The 2-corona of a graph H , denoted by H ◦ P2, is the graph of order 3|V (H)| obtained from H by attaching a path of length 2
to each vertex of H so that the resulting paths are vertex-disjoint. The graph P4 ◦ P2 is shown in Fig. 1.
For two vertices u and v in a connected graph G, the distance dG(u, v) between u and v is the length of a shortest u–v path
in G. The maximum distance among all pairs of vertices of G is the diameter of G, which is denoted by diam(G). A vertex at
maximum distance from every other vertex in G is called a diametrical vertex of G.
2. Properties of γtDC graphs
In this section we present several fundamental properties of γtDC graphs. We shall need the following observations.
Observation 1 ([15]). For n ≥ 3, γt(Pn) = γt(Cn) = ⌊n/2⌋ + ⌈n/4⌉ − ⌊n/4⌋.
Since contracting an edge in a path or a cycle results a path or a cycle, respectively, we have the following consequence
of Observation 1.
Observation 2. A path Pn and a cycle Cn are γtDC if and only if n ≡ 1, 2 (mod 4).
We next study the effect on the total domination number by contracting an edge in the graph.
Lemma 3. If u and v are adjacent vertices in a graph G on at least three vertices, then γt(G)− 1 ≤ γt(G.uv) ≤ γt(G) and these
bounds are sharp.
Proof. We show first that γt(G.uv) ≤ γt(G). Let S be a γt(G)-set. If S ∩ {u, v} = ∅, then S is a TDS of G.uv, and so
γt(G.uv) ≤ |S| = γt(G), as desired. Hence we may assume that v ∈ S. If u ∉ S, let Suv = (S \ {v}) ∪ {(uv)}. If u ∈ S,
letw be a neighbor of u or v not in {u, v} and let Suv = (S \ {u, v}) ∪ {(uv),w}. In both cases, |Suv| ≤ |S| and Suv is a TDS of
G.uv, and so γt(G.uv) ≤ |S| = γt(G). That this bound is sharp may be seen by taking any two (adjacent) vertices u and v in
a complete graph G = Kn with n ≥ 3 and noting that γt(G.uv) = γt(Kn−1) = γt(G).
We show next that γt(G) − 1 ≤ γt(G.uv). Let Suv be a γt(G.uv)-set. If (uv) ∈ Suv , let S = (Suv \ {(uv)}) ∪ {u, v}. If
(uv) ∉ Suv , let w be a vertex in Suv that is adjacent to (uv) in G.uv and let S = Suv ∪ {x} where x ∈ NG(w) ∩ {u, v}.
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In both cases, |S| = |Suv| + 1 and S is a TDS of G, and so γt(G) ≤ |Suv| + 1 = γt(G.uv). That this bound is sharp may
be seen by taking any two adjacent vertices u and v in a path G = P4n+1 with n ≥ 1 and noting that, by Observation 1,
γt(G.uv) = γt(P4n) = γt(G)− 1. 
As an immediate consequence of Lemma 3, we note that contracting an arbitrary edge in a γtDC graph decreases the total
domination number by exactly one.
Observation 4. For any two adjacent vertices u and v in a γtDC graph G, γt(G.uv) = γt(G)− 1.
In [7] it is shown that if G is a graph of order at least three and∆(G) ≤ |V (G)| − 1, then γt(G) ≤ |V (G)| −∆(G). We next
show that for every integer k ≥ 3, there exists a ktDC graph G such that γt(G) = |V (G)| −∆(G).
Proposition 5. For every integer k ≥ 3, there exists a ktDC graph G such that γt(G) = |V (G)| −∆(G).
Proof. Let k ≥ 3 be an integer. Suppose first that k is even. Let G be the 2-corona of a complete graph Kk/2 on k/2 vertices.
Then, γt(G) = k. However if we contract any edge xy of G, then the k − 1 vertices in the resulting graph G.xy that are not
end-vertices form a TDS in G.xy, and so γt(G.xy) ≤ k − 1. Consequently, G is a ktDC graph. Further, |V (G)| = 3k/2 and
∆(G) = k/2, whence γt(G) = k = |V (G)| −∆(G), as desired.
Suppose next that k is odd. Let G be obtained from the 2-corona of a complete graph K(k+1)/2 on (k + 1)/2 vertices by
deleting exactly one end-vertex. Then, γt(G) = k. Suppose we contract any edge xy of G. On the one hand, if xy is the edge
that was adjacent to the edge deleted from the 2-corona of the K(k+1)/2, then the k − 1 vertices in the resulting graph G.xy
that are not end-vertices and not the vertex (xy) form a TDS in G.xy. On the other hand, if xy is not the edge that was adjacent
to the deleted edge, then the k− 1 vertices in the resulting graph G.xy that are not end-vertices form a TDS in G.xy. In both
cases, γt(G.xy) ≤ k − 1. Consequently, G is a ktDC graph. Further, |V (G)| = (3k + 1)/2 and ∆(G) = (k + 1)/2, whence
γt(G) = k = |V (G)| −∆(G), as desired. 
Proposition 6. If G is a γtDC graph of order n, then n ≤ ∆(G)γt(G)− 1, and this bound is sharp.
Proof. Let G be a γtDC graph of order n. We note that∆(G) ≥ 2. Let xy be an edge in G. Then, γt(G.xy) = γt(G)− 1. Let S be
a γt(G.xy)-set, and so |S| = γt(G)− 1. If the identified vertex (xy) is not in S, then in the graph G.xywe have that
|V (G.xy)| =

v∈S
N(v)
 ≤−
v∈S
d(v) ≤ |S| ·∆(G) = (γt(G)− 1)∆(G),
and so n = |V (G.xy)| + 1 ≤ ∆(G)γt(G)+ (1−∆(G)) ≤ ∆(G)γt(G)− 1 with strict inequality if∆(G) > 2. If the identified
vertex (xy) does belong to the set S, then since the degree of (xy) is at most 2(∆(G)− 1), we note that in the graph G.xywe
have that
|V (G.xy)| ≤ d((xy))+
−
v∈S\{(xy)}
d(v)
≤ 2(∆(G)− 1)+ (|S| − 1) ·∆(G)
= ∆(G)(|S| + 1)− 2,
= ∆(G)γt(G)− 2,
whence n ≤ ∆(G)γt(G)− 1, as desired. That this bound is sharp, may be seen by taking G = Pn where n ≡ 1 (mod 4). Then,
∆(G) = 2 and by Observation 2, G is γtDC . By Observation 1, γt(G) = (n+ 1)/2. Hence, n = ∆(G)γt(G)− 1. 
If a graph G is a γtDC graph with two adjacent vertices x and y such that N[x] ⊆ N[y], then the graph G.xy is isomorphic
to G− x, and so γt(G− x) = γt(G.xy) < γt(G). Hence we have the following sufficient condition for a vertex in a γtDC graph
to be γt-critical.
Observation 7. If a graph G is a γtDC graph with two adjacent vertices x and y such that N[x] ⊆ N[y], then x is a γt-critical
vertex in G.
Lemma 8. Let G be a γtDC graph. Then the following hold in G.
(a) Every end-vertex in G is a γt-critical vertex in G.
(b) Every support vertex in G is adjacent to exactly one end-vertex.
Proof. Let G be a γtDC graph. Property (a) is an immediate consequence of Observation 7. To prove Property (b), let x be a
support vertex in G and suppose that y and z are two end-vertices in G that are both adjacent to x. Let S be a γt(G.xy)-set. In
order to totally dominate z in G.xy, the identified vertex (xy) belongs to S. But then replacing this identified vertex (xy) in
S with the vertex x produces a TDS in G, and so γt(G) ≤ |S| = γt(G.xy). Consequently, by Lemma 3, γt(G) = γt(G.xy). This
contradicts the fact that G is γtDC . Hence, the support vertex x is adjacent to exactly one end-vertex. 
We conclude this section by establishing an upper bound on the diameter of a connected ktDC graph.
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Theorem 9. If G is a connected ktDC graph, then diam(G) ≤ 2k−2with strict inequality if diam(G) ≢ 0 (mod 4). Furthermore,
this bound is sharp.
Proof. Let G be a connected ktDC graph and let v be a diametrical vertex of G. Let d = diam(G). For i = 0, 1, . . . , d, let Vi
denote the set of all vertices of G at distance i from v. In particular, V0 = {v} and V1 = N(v). Let v1 ∈ V1 and consider the
graphG.vv1. Let S be a γt(G.vv1)-set. Then, |S| = γt(G)−1 = k−1. LetU1 = (V1\{v1})∪{(vv1)}. In order to totally dominate
the vertex (vv1), we note that |S ∩ (U1 ∪ V2 ∪ V3)| ≥ 2. For 4 ≤ i ≤ d− 3, we have that |S ∩ (Vi ∪ Vi+1 ∪ Vi+2 ∪ Vi+3)| ≥ 2.
It follows that if d = 4j, then |S| ≥ 2+ 2(j− 1), which implies that d ≤ 2(k− 1). If d = 4j+ 1, then |S| ≥ 2+ 2(j− 1)+ 1
which implies that d ≤ 2k− 3. If d = 4j+ 2 or d = 4j+ 3, then |S| ≥ 2+ 2(j− 1)+ 2 which implies that d ≤ 2k− 3. In
all cases, d ≤ 2k− 2 with strict inequality if d ≢ 0 (mod 4). That the bound is sharp may be seen by taking G = Pn where
n ≡ 1 (mod 4). By Observation 2, G is γtDC . By Observation 1, G is a ktDC graph where k = (n + 1)/2. Thus the diameter
of G is n− 1 = 2k− 2. 
3. Characterizations of γtDC graphs
Hanson andWang [11] observed the following relationship between the total domination of a graph and the diameter of
its complement.
Observation 10 ([11]). For a graph G, γt(G) = 2 if and only if diam(G) > 2.
Recall that a ktDC graph G is a γtDC graph with γt(G) = k. Since the total domination number of a graph is at least two,
we note that, by Observation 4, if G is a ktDC graph, then k ≥ 3. Our next result provides a characterization of 3tDC graphs.
For this purpose, let Gxy denote the graph obtained from a graph G by deleting two nonadjacent vertices x and y in G and
adding a new vertex that is adjacent to all vertices in V (G) \ {x, y} that are adjacent to both x and y in G. We define a graph
G to be identified-vertex diameter k-critical if diam(G) = k and diam(Gxy) > k for every two nonadjacent vertices x and y.
Theorem 11. A graph is a 3tDC graph if and only if its complement is identified-vertex diameter 2-critical.
Proof. Suppose first that G is a 3tDC graph. Since γt(G) = 3, we note by Observation 10 that diam(G) = 2. Let x and y be
two nonadjacent vertices in G. Then, xy ∈ E(G). We now consider the graph H = G.xy. By Observation 4, γt(H) = 2 and so
by Observation 10, diam(H) > 2. However the graph H is precisely the graph G
xy
. Hence, diam(G) = 2 and diam(Gxy) > 2,
implying that G is identified-vertex diameter 2-critical.
Conversely, suppose that G is identified-vertex diameter 2-critical. Let x and y be an arbitrary pair of adjacent vertices in
G. Then, x and y are nonadjacent vertices in G, and so diam(G) = 2 and diam(Gxy) > 2. Since diam(G) = 2, Observation 10
implies that γt(G) ≥ 3. Since the complement of the graph Gxy is precisely the graph G.xy, and since diam(Gxy) > 2,
Observation 10 implies that γt(G.xy) = 2. By Lemma3, γt(G) ≤ 1+γt(G.xy) = 3. Consequently, γt(G) = 3 and γt(G.xy) = 2,
implying that G is a 3tDC graph. 
Recall that the boundary of a set S, denoted B(S), is N(S) \ S. We next provide a characterization of γtDC graphs in terms
of the boundary of two adjacent vertices.
Theorem 12. A graph G is γtDC if and only if for any two adjacent vertices u and v, either u or v is a γt-critical vertex or there
exists a γt(G)-set S containing both u and v such that B({u, v}) ∩ S ≠ ∅.
Proof. Suppose first that G is a γtDC graph. Let u and v be two adjacent vertices in G. Let Suv be a γt(G.uv)-set. Then,
|Suv| = γt(G) − 1. In order to totally dominate the identified vertex (uv), there is a vertex w ∈ Suv adjacent to (uv). If
(uv) ∈ Suv , then S = (Suv \ {(uv)}) ∪ {u, v} is a TDS in G of cardinality γt(G). Hence, S is a γt(G)-set containing both u
and v such that w ∈ B({u, v}) ∩ S, as desired. Hence we may assume that (uv) ∉ Suv . Since Suv is not a TDS in G, we
note that w is adjacent to exactly one of u or v. We may assume that w ∈ N(v). Since Suv is a TDS in G − u, we have that
γt(G− u) ≤ |Suv| = γt(G)− 1, and so u is a γt-critical vertex.
For the converse, suppose that for any two adjacent vertices u and v, either u or v is a γt-critical vertex or there exists a
γt(G)-set S containing both u and v such that B({u, v}) ∩ S ≠ ∅. Let uv be an arbitrary edge in G. Suppose that u or v, say
u, is a γt-critical vertex. Let Su be a γt(G − u)-set. If v ∈ Su, let S = (Su \ {v}) ∪ {(uv)}. If v ∉ Su, let S = Su. In both cases,
|S| = |Su| and the set S is a TDS in G.uv, and so γt(G.uv) ≤ |S| = γt(G− u) = γt(G)− 1. Suppose next that neither u nor v
is a γt-critical vertex. Then, by assumption, there is a γt(G)-set S containing both u and v such that B({u, v})∩ S ≠ ∅. Then,
(S \ {u, v}) ∪ {(uv)} is a TDS in G.uv, and so γt(G.uv) ≤ |S| − 1 = γt(G)− 1. Hence, G is γtDC . 
4. γtDC-graphs versus γtVC-graphs
As an immediate consequence of Theorem 12, we have the following result.
Corollary 13. If every vertex in a graph G is a γt-critical vertex, then G is γtDC.
Recall that S(G) denotes the set of support vertices in a graphG. The removal of a vertex can decrease the total domination
number by at most one. Hence we have the following observation in [10].
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Observation 14 ([10]). If G is a γtVC graph, then γt(G− v) = γt(G)− 1 for every v ∈ V \ S(G). Furthermore, a γt(G− v)-set
contains no neighbor of v.
The ktVC graphs with minimum degree one are characterized in [10].
Theorem 15 ([10]). Let G be a connected graph of order at least 3 with δ(G) = 1. Then, G is ktVC if and only if G = cor(H) for
some connected graph H of order k with δ(H) ≥ 2.
Theorem 16. Every γtVC graph is a γtDC graph.
Proof. Let G be a γtVC graph. Suppose that δ(G) = 1. Then, by Theorem 15, G = cor(H) for some connected graph H with
δ(H) ≥ 2. We note that V (H) is the unique γt(G)-set and that S(G) = V (H). Contracting any two adjacent vertices of G
decreases the total domination number (the resulting set of support vertices in the contracted graph form aminimum TDS),
and so G is γtDC . Hence we may assume that δ(G) ≥ 2, since otherwise the desired result follows. But then every vertex in
G is a γt-critical vertex, and so, by Corollary 13, G is γtDC . 
As a consequence of Theorem 15, no tree is γtVC . By Observation 2, every path Pn where n ≡ 1, 2 (mod 4) is γtDC , and
so there are infinitely many γtDC trees. Hence the converse of Theorem 16 is not true in general, even for the family of trees.
We next investigate the existence of γtDC graphs which have no γt-critical vertex. The following result presents
properties of γtDC graphs with no γt-critical vertex.
Lemma 17. Let G be a ktDC graph with no γt-critical vertex. Then the following hold in the graph G.
(a) δ(G) ≥ 2.
(b) Gt(G) = V (G).
(c) diam(G) ≤ 2k− 3.
Proof. Part (a) follows from Lemma 8(a), while Part (b) follows from Theorem 12. To prove Part (c), let v be a diametrical
vertex of G and let d = diam(G). By Theorem 9, d ≤ 2k− 2 with strict inequality if d ≢ 0 (mod 4). Suppose that d = 2k− 2.
Then, d = 4j for some integer j ≥ 1. For i = 0, 1, . . . , d, let Vi denote the set of all vertices of G at distance i from v. In
particular, V0 = {v} and V1 = N(v). Let v1 ∈ V1 and consider the graph G.vv1. Let S be a γt(G.vv1)-set. Then, |S| = k−1. Let
U1 = (V1 \ {v1})∪{(vv1)}. In order to totally dominate the vertex (vv1), there is a vertexw ∈ S adjacent to (vv1) in G.vv1. If
S ∩ (U1 ∪V2) = {w}, then the set S is a TDS in the graph G− v, and so γt(G− v) ≤ |S| = γt(G)− 1. But then v is a γt-critical
vertex in G, contradicting our assumption that G has no γt-critical vertex. Hence, |S ∩ (U1 ∪ V2)| ≥ 2. For 3 ≤ i ≤ d− 3, we
have that |S ∩ (Vi ∪ Vi+1 ∪ Vi+2 ∪ Vi+3)| ≥ 2. It follows that since d = 4j, we have k − 1 = |S| ≥ 2 + 2(j − 1) + 1, which
implies that d ≤ 2(k− 2), a contradiction. Hence, d ≢ 0 (mod 4), whence d ≤ 2k− 3. 
We now prove the existence of ktDC graphs which have no γt-critical vertex for every integer k ≥ 3. For this purpose,
we recall that for graphs G and H , the Cartesian product G  H is the graph with vertex set V (G)× V (H)where two vertices
(u1, v1) and (u2, v2) are adjacent if and only if either u1 = u2 and v1v2 ∈ E(H) or v1 = v2 and u1u2 ∈ E(G). An excellent
discussion of domination in Cartesian products can be found in [17]. We shall adopt the notation used in [17]. In particular,
if G and H are graphs, then for every vertex h ∈ V (H) the set V (G)×{h} induces a copy of G in G H which we denote by Gh
and call a G-fiber. Analogously, for every vertex g ∈ V (G) the set {g} × V (H) induces a copy of H in G  H which we denote
by gH and call a H-fiber. We shall need the following bound first published by El-Zahar and Pareek [9].
Proposition 18 ([9]). For any graph G and H, γ (G  H) ≥ min{|V (G)|, |V (H)|}.
Theorem 19. For every integer k ≥ 3, there exists a ktDC graph with no γt-critical vertex.
Proof. Let k ≥ 3 be an integer and let G = Kk have vertices g1, g2, . . . , gk and let H = Kk have vertices h1, h2, . . . , hk. Let
F = G  H . Consider the vertices of F to be arranged in a k × k grid so that the ith horizontal row is the fiber Ghi and the
jth vertical column is the fiber gjH . The k vertices in a G-fiber of F totally dominate the vertices in F , and so γt(F) ≤ k. By
Proposition 18, γ (F) ≥ k. Since the domination number of a graph is at most its total domination number, we deduce that
γt(F) = k.
We show next that F has no γt-critical vertex. Assume, to the contrary, that there is a γt-critical vertex v in F . By
Observation 14, γt(F − v) = γt(F) − 1 = k − 1. Let D be a γt(F − v)-set. Then, |D| = k − 1 and so there is at least
one horizontal row and one vertical column that contains no vertex of D. If D contains no vertex from the ith horizontal row
and the jth vertical column for some i and j, 1 ≤ i, j ≤ k and if v ≠ (gi, hj), then the vertex (gi, hj) is not dominated by D in
F − v, a contradiction. Hence, renaming vertices if necessary, we may assume that v = (gi, hj) and that D contains exactly
one vertex from every horizontal row except for the ith horizontal row and exactly one vertex from vertical column except
for the jth vertical column. But then D is an independent set in F − v, contradicting the fact that D is a TDS of F − v. Hence,
F has no γt-critical vertex.
It remains to show that F is ktDC . Let xy be an edge in F . Renaming vertices, if necessary, wemay assume that x = (g1, h1)
and y = (g2, h1). We note that the vertex (xy) dominates the vertices from both the 1st and 2nd horizontal rows, and so the
set {(xy), (g3, h1), (g4, h1), . . . , (gk, h1)} is a TDS in F .xy of size k− 1. Hence, γt(F .xy) ≤ k− 1 < γt(F). Consequently, F is
ktDC . 
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5. Constructions
Since a constructive characterization of γtDC trees in specific and γtDC graphs in general appears to be a very difficult
problem, in this section we give ways of building a γtDC graph from a given γtDC graph. The constructions presented in
this section will need to be employed in possible constructive characterizations of γtDC trees or γtDC graphs. First we give
a way of constructing a γtDC graph from two smaller γtDC graphs.
Lemma 20. Let F and H be two γtDC graphs and let u and v be vertices of F and H, respectively, such that u ∈ Gt(F) and
v ∈ Gt(H). Let G be formed from F ∪ H by adding the edge uv. If γt(G) = γt(F)+ γt(H), then G is γtDC.
Proof. Let xy be an edge of G. Suppose xy ∈ E(F). Since F is γtDC , γt(F .xy) = γt(F)− 1. Every γt(F .xy)-set can be extended
to a TDS of G.xy by adding to it a γt(H)-set, and so γt(G.xy) ≤ γt(F .xy)+ γt(H) = γt(F)+ γt(H)− 1 = γt(G)− 1. Similarly,
if xy ∈ E(H), then γt(G.xy) ≤ γt(G)− 1. Suppose, finally, that xy is the edge uv. Since u ∈ Gt(F), there is a γt(F)-set Su that
contains u. Since v ∈ Gt(H), there is a γt(H)-set Sv that contains v. Hence, deleting u and v from the set Su∪Sv and replacing
them with the identified vertex (uv), we produce a TDS of G.xy of size |Su| + |Sv| − 1 = γt(F) + γt(H) − 1 = γt(G) − 1.
Thus, once again, γt(G.xy) ≤ γt(G)− 1. Hence, G is γtDC . 
Lemma 21. Let G′ be a nontrivial graph and let u′ be a vertex of G′ such that u′ ∈ Nt(G′). Let G be the graph obtained from G′
by attaching a pendant edge to a vertex u′. If G′ is γtDC, then G is γtDC.
Proof. SupposeG is obtained fromG′ by adding the vertex u and the pendant edge uu′.We show first that γt(G) = γt(G′)+1.
Every γt(G′)-set can be extended to a TDS of G by adding to it the vertex u′, and so γt(G) ≤ γt(G′)+ 1. Now let D be a γt(G)-
set. Necessarily, u′ ∈ D to totally dominate u. If u ∈ D, then we can replace it in D by a neighbor of u′ in G′. Hence, we may
assume that u ∉ D. Thus, D is a TDS in G′. However, u′ is in no γt(G′)-set, implying that γt(G′) < |D| = γt(G). Consequently,
γt(G) = γt(G′)+ 1.
Suppose that G′ is γtDC . Let xy be an edge of G. Suppose xy ∈ E(G′). Then, γt(G′.xy) = γt(G′)−1. Let S ′ be a γt(G′.xy)-set.
If u′ ∉ {x, y}, then S ′∪{u′} is a TDS ofG.xy, and so γt(G.xy) ≤ |S ′|+1 = γt(G′.xy)+1 = γt(G′) = γt(G)−1. If u′ ∈ {x, y}, then
adding the identified vertex (xy) to the set S ′ produces a TDS ofG.xy, and so once again γt(G.xy) ≤ |S ′|+1 = γt(G)−1. Hence
if xy ∈ E(G′), then γt(G.xy) ≤ γt(G)− 1. Suppose xy is the edge uu′. Then, G.xy = G′, and so γt(G.xy) = γt(G′) = γt(G)− 1.
Thus, G is γtDC . 
We remark that the converse of Lemma 21 is not true. For example, let G′ be a path P4 on four vertices with u′ as one of
its leaves, and let G be obtained from G′ by adding the pendant edge uu′. We note that u′ ∈ Nt(G′) and G = P5 is a γtDC
graph. However, G′ = P4 is not γtDC .
Given a specified vertex v in a graph G, an almost total dominating set with respect to v, abbreviated v-ATDS, in G is a
dominating set in G that totally dominates all vertices of G, except possibly for the vertex v. Note that if S is a v-ATDS in
G and v ∈ S, then it is possible that v itself may have no neighbor in S. If S is a v-ATDS in G and v ∉ S, then S is a TDS in
G. The minimum cardinality of a v-ATDS in G is the almost total domination number with respect to v, denoted γt(G; v). A
γt(G; v)-set is a v-ATDS in G of size γt(G; v). Every TDS of G is a v-ATDS in G, while every v-ATDS in G is either a TDS of G or
can be extended to a TDS of G by adding a neighbor of v. Hence, γt(G)− 1 ≤ γt(G; v) ≤ γt(G).
Let G = (V , E) and let v ∈ V and e ∈ E. If either v is not incident with e and v belongs to some γt(G.e)-set or if e = uv
and the identified vertex (uv) belongs to some γt(G.e)-set, then we simply write that v belongs to some γt(G.e)-set.
Lemma 22. Let G′ be a nontrivial graph and let u′ be a vertex of G′ such that γt(G′; u′) = γt(G′), u′ belongs to some γt(G′; u′)-
set and u′ belongs to some γt(G′.e′)-set for every edge e′ ∈ E(G′). Let G be the graph obtained from G′ by attaching a path of
length 2 to u′. If G′ is γtDC, then G is γtDC.
Proof. Suppose G is obtained from G′ by adding the path uv and the edge uu′. We show first that γt(G) = γt(G′)+ 1. Let D′
be a γt(G′; u′)-set that contains u′. Then, D′∪{u} is a TDS of G, and so γt(G) ≤ |D′|+1 = γt(G′)+1. Now let D be a γt(G)-set.
If v ∈ D, then we can replace it in D by neighbor of u in G′. Hence we may assume that v ∉ D. Therefore, {u, u′} ⊂ D. Then,
D \ {u} is a u′-ATDS in G′, and so γt(G′) = γt(G′; u′) ≤ |D| − 1 = γt(G)− 1. Consequently, γt(G) = γt(G′)+ 1.
Suppose that G′ is γtDC . Let xy be an edge of G. Suppose xy ∈ E(G′). Then, γt(G′.xy) = γt(G′) − 1. By assumption,
u′ belongs to some γt(G′.xy)-set Du. Hence, Du can be extended to a TDS of G.xy by adding to it the vertex u, and so
γt(G.xy) ≤ |Du| + 1 = γt(G′.xy) + 1 = γt(G′) = γt(G) − 1. Suppose xy ∉ E(G′). Then, G.xy is obtained from G′
by attaching a pendant edge to the vertex u′. For notational convenience, we may assume that xy is the edge uv, and
so the identified vertex (xy) is the vertex (uv). Let Su be a γt(G′; u′)-set containing u′. Then, S is a TDS of G.xy, and so
γt(G.xy) ≤ |Su| = γt(G′; u′) = γt(G′) = γt(G) − 1. Hence for every edge xy of G, we have that γt(G.xy) ≤ γt(G) − 1.
Thus, G is γtDC . 
We remark that starting with a path P5, we can repeatedly apply Lemma 22 to the central vertex of the resulting tree at
each stage to show that every subdivided star is γtDC .
Lemma 23. Let G′ be a nontrivial graph and let u′ be a vertex of G′ such that γt(G′; u′) = γt(G′) and u′ belongs to some
γt(G′; u′)-set. Let G be the graph obtained from G′ by attaching a path of length 3 to u′. If G′ is γtDC, then G is γtDC.
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Proof. Suppose G is obtained from G′ by adding the path uvw and the edge uu′. We show first that γt(G) = γt(G′)+2. Every
γt(G′)-set can be extended to a TDS of G by adding to it the set {u, v}, and so γt(G) ≤ γt(G′)+ 2. Now let D be a γt(G)-set. If
w ∈ D, then we can replace it in D by u. Hence we may assume thatw ∉ D. Therefore, {u, v} ⊂ D. Let D′ = D∩ V (G′). Then,
D′ is a u′-ATDS in G′, and so γt(G′) = γt(G′; u′) ≤ |D′| = |D| − 2 = γt(G)− 2. Consequently, γt(G) = γt(G′)+ 2.
Suppose that G′ is γtDC . Let xy be an edge of G. Suppose xy ∈ E(G′). Then, γt(G′.xy) = γt(G′) − 1. Every γt(G′.xy)-set
can be extended to a TDS of G.xy by adding to it the set {u, v}, and so γt(G.xy) ≤ γt(G′.xy) + 2 = γt(G′) + 1 = γt(G) − 1.
Suppose xy ∉ E(G′). Then, G.xy is obtained from G′ by attaching a path of length 2 to u′. For notational convenience, we may
assume that xy is the edge vw, and so the identified vertex (xy) is the vertex (vw). Let Su be a γt(G′; u′)-set containing u′.
Then, Su ∪ {u} is a TDS of G.xy, and so γt(G.xy) ≤ |Su| + 1 ≤ γt(G′; u′)+ 1 = γt(G′)+ 1 = γt(G)− 1. Hence for every edge
xy of G, we have that γt(G.xy) ≤ γt(G)− 1. Thus, G is γtDC . 
We remark that starting with a path P6, we can repeatedly apply Lemma 23 to show that the 2-corona of any nontrivial
tree is γtDC .
Lemma 24. Let G′ be a nontrivial graph and let u′ be a vertex of G′ such that either u′ is γt-critical or γt(G′; u′) = γt(G′) − 1.
Let G be the graph obtained from G′ by attaching a path of length 4 to u′. Then, G′ is γtDC if and only if G is γtDC.
Proof. Suppose G is obtained from G′ by adding the path uvwx and the edge uu′. We show first that γt(G) = γt(G′) + 2.
Every γt(G′)-set can be extended to a TDS of G by adding to it the set {v,w}, and so γt(G) ≤ γt(G′) + 2. Now let D be a
γt(G)-set. If x ∈ D, then we can replace it in D by v. Hence we may assume that x ∉ D. Therefore, {v,w} ⊂ D. If u ∈ D, then
we can replace it in D by a neighbor of u′ in G′. Hence, we may assume that u ∉ D. Thus, D \ {v,w} is a TDS in G′, and so
γt(G′) ≤ |D| − 2 = γt(G)− 2. Consequently, γt(G) = γt(G′)+ 2.
Suppose that G′ is γtDC . Let yz be an edge of G. Suppose yz ∈ E(G′). Then, γt(G′.yz) = γt(G′) − 1. Every γt(G′.yz)-set
can be extended to a TDS of G.yz by adding to it the set {v,w}, and so γt(G.yz) ≤ γt(G′.yz)+ 2 = γt(G′)+ 1 = γt(G)− 1.
Suppose yz ∉ E(G′). Then, G.yz is obtained from G′ by attaching a path of length 3 to u′. For notational convenience, we
may assume that yz is the edgewx. On the one hand, if u′ is a γt-critical vertex of G′, let Su be a γt(G′ − u′)-set and note that
|Su| ≤ γt(G′)−1. On the other hand, if u is not a γt-critical vertex of G′, let Su be a γt(G′; u′)-set and note that by our choice of
u′, γt(G′; u′) = γt(G′)−1. In both cases, the set Su∪{u, v} is a TDS ofG.yz, and so γt(G.yz) ≤ |Su|+2 ≤ γt(G′)+1 = γt(G)−1.
Hence for every edge yz of G, we have that γt(G.yz) ≤ γt(G)− 1. Thus, G is γtDC .
Conversely suppose that G is γtDC . Let yz be an edge of G′. Let D be a γt(G.yz)-set. As before, we may assume that
D ∩ {u, v, w, x} = {v,w}. Let D′ = D ∩ V (G′.yz). Then, D′ is a TDS in G′.yz, and so γt(G′.yz) ≤ |D′| = γt(G.yz) − 2 =
γt(G)− 3 = γt(G′)− 1. Thus, G′ is γtDC . 
We remark that starting with a path P5 or a path P6, we can repeatedly apply Lemma 24 to show that all paths Pn where
n ≡ 1, 2 (mod 4) are γtDC . We also remark that as a consequence of the proof of Lemma 24, we have the following result.
Lemma 25. Let G′ be a nontrivial graph and let G be the graph obtained from G′ by attaching a path of length 4 to u′. If G is γtDC,
then G′ is γtDC.
We conclude with the following open problem that we have yet to settle.
Problem 26. Find a constructive characterization of γtDC trees.
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